Abstract We show that for the edge ideals of the graphs consisting of one cycle of any length, the arithmetical rank equals the projective dimension.
Introduction
Given a polynomial ring R over a field, and a graph G having the set of indeterminates as its vertex set, one can associate with G a monomial ideal of R: this ideal is generated by the products of the vertices of each edge of G, and is hence generated by squarefree quadratic monomials. It is called the edge ideal I(G) of G, and has been intensively studied by Simis, Vasconcelos and Villarreal in [10] . The arithmetical rank (ara), i.e., the least number of elements of R which generate a given monomial ideal up to radical, is in general bounded below by its projective dimension (pd), i.e., by the length of every minimal free resolution of the quotient of R with respect to the ideal. In recent times, the projective dimension has been determined for large classes of edge ideals, where it is independent of the ground field: in Jacques' thesis it was computed for acyclic graphs (see also [7] ), but also for the graphs C n , consisting of one cycle of length n, whereas in [4] an explicit formula is given for a special kind of bipartite graphs, the so-called Ferrers graphs. In [2] it is shown that the arithmetical rank equals the projective dimension for a special class of acyclic graphs, in [3] that this is also true for all Ferrers graphs. In the present note we prove that the same equality holds for all graphs C n .
1 The arithmetical rank of I(C n ) Let K be a field, and consider the polynomial ring R = K[x 1 , . . . , x n ], where n ≥ 3. Let C n be the graph on the vertex set {x 1 , . . . , x n } whose set of edges is {{x 1 , x 2 }, {x 2 , x 3 }, . . . , {x n−1 , x n }, {x 1 , x n }}. Then its edge ideal is the following ideal of R:
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We will show that for all n, pd I(C n ) = ara I(C n ). In general, for any ideal I of R we have that cd I ≤ ara I, where cd denotes the local cohomological dimension (see [5] , Example 2, p. 414) and, on the other hand, whenever I is monomial ideal, pd I = cd I. (see [8] , Theorem 1). Hence it will suffice to show that, for all n, ara I(C n ) = pd I(C n ), i.e., to produce pd I(C n ) elements of R generating I(C n ) up to radical. Among the available tools, we have, on the one hand, Jacques' result providing explicit formulas for the projective dimension of I(C n ).
On the other hand, we know that a finite set of elements of R which generate a given ideal up to radical can be constructed according to the following criterion, which is due to Schmitt and Vogel.
Lemma 1 ([9], p.249) Let P be a finite subset of elements of R. Let P 0 , . . . , P r be subsets of P such that (i) r i=0 P i = P ; (ii) P 0 has exactly one element; (iii) if p and p are different elements of P i (0 < i ≤ r) there is an integer i with 0 ≤ i < i and an element in P i which divides pp .
We set q i = p∈Pi p e(p) , where e(p) ≥ 1 are arbitrary integers. We will write (P ) for the ideal of R generated by the elements of P . Then we get (P ) = (q 0 , . . . , q r ).
We have to distinguish between three cases, depending on the residue of n modulo 3. The cases n ≡ 0, 1 mod 3 can be settled by a direct application of Lemma 1. The case n ≡ 2 mod 3 is more interesting, since it needs some additional non-trivial computations on the generators. Proposition 1 Suppose that n = 3m, for some integer m. Set q 0 = x 1 x 2 , q 1 = x 1 x 3m + x 2 x 3 , and,
In particular, ara I(C n ) ≤ 2m.
Proof .-For all i = 0, . . . , m − 1, the monomial q 2i divides the product of the two summands of q 2i+1 . By Lemma 1 it follows that
This implies the claim.
Example 1
We have that I(C 3 ) = (x 1 x 2 , x 2 x 3 , x 1 x 3 ) is generated up to radical by
and ara I(C 3 ) = 2. We also have that I(C 6 ) = (x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 5 x 6 , x 1 x 6 ) is generated up to radical by
and ara I(C 6 ) = 4.
Using the same arguments as in the proof of Proposition 1, from Lemma 1 we can deduce the next result.
Proposition 2 Suppose that n = 3m + 1, for some integer m.
and, finally, q 2m = x 3m x 3m+1 . Then I(C n ) = (q 0 , . . . , q 2m ).
In particular, ara I(C n ) ≤ 2m + 1.
Example 2
We have that I(C 4 ) = (x 1 x 2 , x 2 x 3 , x 3 x 4 , x 1 x 4 ) is generated up to radical by
and ara I(C 4 ) = 3. We also have that I(C 7 ) = (x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 5 x 6 , x 6 x 7 , x 1 x 7 ) is generated up to radical by
and ara I(C 7 ) = 5.
Proposition 3 Suppose that n = 3m + 2, for some integer m. Set q 0 = x 1 x 2 , q 1 = x 2 x 3 + x 4 x 5 , and, for 1 ≤ 1 ≤ m − 1, set
and, finally, q 2m = x 1 x 3m+2 + x 3m x 3m+1 . Then I(C n ) = (q 0 , . . . , q 2m ).
Proof .-The claim for m = 1 was proven in [1] , Example 1. So let m ≥ 2. Set J m = (q 0 , . . . , q 2m ). It suffices to show that I(C n ) ⊂ √ J m . In this proof, for all f, g ∈ R, by abuse of notation we will write f ≡ g whenever f − g or f + g belongs to J m , and, f ≡ qi g whenever f − g or f + g is divisible by q i . In this way, f ≡ g or f ≡ qi g assures that f ∈ J m occurs if and only if g ∈ J m . We first show that x
Set
We prove that
Note that x 1 x 3m+2 v m is a multiple of x 1 x 3m+2 x 4 x 5 , and
whence we deduce that x 1 x 3m+2 v m ∈ J m . Thus (2) will imply that
as claimed in (1). We prove (2) by induction on m ≥ 2. First take m = 2. We have q 2 = x 3 x 4 +x 5 x 6 , q 3 = x 5 x 6 + x 7 x 8 and q 4 = x 1 x 8 + x 6 x 7 , so that
which shows (2) for m = 2. Now suppose that m > 2 and that the claim is true for m − 1. We have:
This completes the proof of (2) and of (1) . We have thus shown that
But then
In general, whenever, for some i ∈ {2, . . . , m},
from the fact that x 3i x 3i+1 divides x 3i−1 x 3i · x 3i+1 x 3i+2 , i.e., the product of the summands of q 2i−1 , by Lemma 1 one deduces that
Since x 3i−3 x 3i−2 = q 2i−2 − x 3i−1 x 3i , this in turn implies that
Finally, since x 3i−3 x 3i−2 divides x 3i−4 x 3i−3 · x 3i−2 x 3i−1 , i.e., the product of the summands of q 2i−3 , by Lemma 1 we again conclude that
Therefore, since (5) implies (6), (7) and (8) , for all i = 2, . . . , m, from (4) one can derive by descending induction on h, that x h x h+1 ∈ √ J m for all h = 3, . . . , 3m + 1. In particular we have that x 3 x 4 ∈ √ J m , which, together with q 1 ∈ J m , yields x 2 x 3 ∈ √ J m by Lemma 1. This, together with (3) and q 0 ∈ J m , shows that I(C n ) ⊂ √ J m , as claimed.
Example 3
We have that I(C 5 ) = (x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 1 x 5 ) is generated up to radical by
and ara I(C 5 ) = 3. We also have that I(C 8 ) = (x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 5 x 6 , x 6 x 7 , x 7 x 8 , x 1 x 8 ) is generated up to radical by if n ≡ 2 mod 3.
Every ideal I(C n ) is of pure height n 2 , where a denotes the least integer not less than a. Recall that an ideal is called a set-theoretic complete intersection if its arithmetical rank equals its height. In view of Theorem 2 we thus have the following.
Corollary 1 I(C n ) is a set-theoretic complete intersection only for n = 3 and n = 5.
